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GENERALIZED DISCRETE q-HERMITE II POLYNOMIALS AND
q-DEFORMED OSCILLATOR
KAMEL MEZLINI
Abstract. In this paper, we present an explicit realization of q-deformed Calogero-
Vasiliev algebra whose generators are first-order q-difference operators related to the
generalized discrete q-Hermite II polynomials recently introduced in [13]. Furthermore,
we construct the wave functions and we determine the q-coherent states.
1. Introduction
The q-deformed harmonic oscillator algebras [10, 11, 15, 16] have been intensively stud-
ied in recent years due to their crucial role in diverse areas of mathematic and physics.
The basic interest in q-deformed algebras resides in the generalization of the fundamental
symmetry concept of classical Lie algebras.
Many algebraic constructions have been proposed to describe various generalization of
the quantum harmonic oscillator in the literature. The difficulty for most of them is to
realize an explicit form of the associated Hamiltonian eigenfunctions. It is well known that
the Hermite polynomials are connected to the realization of the classical harmonic oscil-
lator algebra. It is natural then, that generalizations of quantum harmonic oscillator lead
to generalizations of the Hermite polynomials. An explicit realization of the q-harmonic
oscillator has has been explored by many authors see for example Atakishiev [2, 3], Bor-
zov [6], also Kulish and Damaskinsky [15], where the eigenfunctions of the corresponding
Hamiltonian are given explicitly in terms of the q-deformed Hermite polynomials. The
generators of the corresponding algebra are realized in terms of first-order difference op-
erators.
In particular, as pointed out by Macfarlane in [16, 17], the Calogero-Vasiliev oscillator
generalizes the parabose oscillator and its q-deformation describes the q-analogue of the
parabose oscillator [11]. In one dimensional case, Rosenblum in [19] studied the general-
ized Hermite polynomials associated with the Dunkl operator and used them to construct
the eigenfunctions of the parabose ossillator Hamiltonian . This oscillator, as it has been
shown in [17], is linked to two-particle Calogero model [7].
The purpose of this paper is to explore the generalized discrete q-Hermite II polynomials
h˜n,α(x; q), recently introduced in [13] to construct the Hamiltonian eigenfunctions for the
q-deformed Calogero-Vasiliev oscillator. This allows to find an explicit form of the gener-
ators of the corresponding algebra in terms of q-difference operators.
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This paper is organized as follows: in Section 2, we recall some notations and useful results
from [13] about the generalized discrete q-Hermite II polynomials h˜n,α(x; q). In Section
3, We review briefly the Fock space description of the Calogero-Vasiliev oscillator and
its q-deformation as developed by Macfarlane in [16, 17]. In Section 4, we introduce an
explicit form of the eigenfunctions of the q-deformed Calogero-Vasiliev Hamiltonian oscil-
lator. This directly leads to the dynamical symmetry algebra su
q
1
2
(1, 1), whose generators
are explicitly constructed in terms of the q-difference operators, we construct the family of
coherent states of this oscillator. Finally, we investigate the limiting case of the q-deformed
Calogero-Vasiliev oscillator.
2. Notations and Preliminary
For the convenience of the reader, we provide in this section a summary of the math-
ematical notations and definitions used in this paper. We refer to the general references
[12] and [13] for the definitions and notations. Throughout this paper, we assume that
0 < q < 1 and we write Rq = {±qn, n ∈ Z}.
2.1. Basic symbols. For complex a number a, the q-shifted factorials are defined by:
(a; q)0 = 1; (a; q)n =
n−1∏
k=0
(1− aqk), n = 1, 2, ...; (a; q)∞ =
∞∏
k=0
(1− aqk).
The q-numbers and the q-factorials are defined as follows:
JxKq =
1− qx
1− q , x ∈ C and n!q = J1KqJ2Kq...JnKq, J0Kq = 1, n ∈ N.
For α ∈ R, we define the generalized q-integers and the generalized q-factorials by
(2.1) J2nKq,α = J2nKq , J2n+ 1Kq,α = J2n+ 2α+ 2Kq ; n!q,α = J1Kq,α J2Kq,α ... JnKq,α
and the generalized q-shifted factorials by
(2.2) (q; q)n,α := (1− q)nn!q,α.
Remark that we can rewrite (2.2) as
(q; q)2n,α = (q
2; q2)n(q
2α+2; q2)n,
(q; q)2n+1,α = (q
2; q2)n(q
2α+2; q2)n+1.
We may express the generalized q-factorials as
(2n)!q,α =
(1 + q)2nΓq2(α + n+ 1)Γq2(n+ 1)
Γq2(α + 1)
,
(2n+ 1)!q,α =
(1 + q)2n+1Γq2(α+ n + 2)Γq2(n+ 1)
Γq2(α + 1)
,
where Γq is the q-Gamma function given by (see [9, 12] )
Γq(z) =
(q; q)∞
(qz; q)∞
(1− q)1−z, z 6= 0,−1,−2, . . .
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and tends to Γ(z) when q tends to 1−. In particular, we have the limits
(2.3)
lim
q→1−
(2n)!q,α =
22nn!Γ(α + n+ 1)
Γ(α + 1)
= γα+ 1
2
(2n),
lim
q→1−
(2n+ 1)!q,α =
22n+1n!Γ(α + n + 2)
Γ(α + 1)
= γα+ 1
2
(2n+ 1),
where γν is the Rosenblum’s generalized factorials (see [19]).
Remark 2.1. If α = −1
2
, then we get (q; q)n,α = (q; q)n and n!q,α = n!q.
2.2. The generalized q-exponential functions. The two Euler’s q-analogues of the
exponential function are given by ( see [12])
(2.4) Eq(z) =
∞∑
k=0
q
k(k−1)
2 zk
(q; q)k
= (−z; q)∞
and
(2.5) eq(z) =
∞∑
k=0
zk
(q; q)k
=
1
(z; q)∞
, |z| < 1.
For z ∈ C, the generalized q-exponential functions are defined by ( see [13])
(2.6) Eq,α(z) :=
∞∑
k=0
q
k(k−1)
2 zk
(q; q)k,α
,
(2.7) eq,α(z) :=
∞∑
k=0
zk
(q; q)k,α
, |z| < 1
and
(2.8) ψα,qλ (z) =
∞∑
n=0
bn,α(iλz; q
2), λ ∈ C,
where
(2.9) bn,α(z; q
2) =
q[
n
2
]([n
2
]+1)zn
n!q,α
and [x] denoting the integer part of x ∈ R. Note that ψα,qλ (z) is the q-Dunkl kernel defined
in [4].
A particular case, where α = −1
2
, by Remark 2.1 it follows that Eq,α(z) = Eq(z) and
eq,α(z) = eq(z).
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2.3. The generalized q-derivatives. The Jackson’s q-derivative Dq (see [12, 14]) is de-
fined by :
(2.10) Dqf(z) =
f(z)− f(qz)
(1− q)z .
We also need a variant D+q , called forward q-derivative of the (backward) q-derivative
D−q = Dq as defined in (2.10):
(2.11) D+q f(z) =
f(q−1z)− f(z)
(1− q)z .
Note that lim
q→1−
Dqf(z) = lim
q→1−
D+q f(z) = f
′(z) whenever f is differentiable at z.
The generalized backward and forward q-derivative operators Dq,α and D
+
q,α are defined
as ( see [13])
(2.12) Dq,αf(z) =
f(z)− q2α+1f(qz)
(1− q)z ,
(2.13) D+q,αf(z) =
f(q−1z)− q2α+1f(z)
(1− q)z .
The generalized q-derivatives operators are given by
(2.14) ∆α,qf = Dqfe +Dq,αfo,
(2.15) ∆+α,qf = D
+
q fe +D
+
q,αfo,
where fe and fo are respectively the even and the odd parts of f .
For α = −1
2
, we have Dq,α = Dq, D
+
q,α = D
+
q , ∆q,α = Dq and ∆
+
q,α = D
+
q .
We can rewrite the q-Dunkl operator introduced in [4] by means of the generalized q-
derivative operators as
(2.16) Λα,qf = ∆
+
α,qfe +∆α,qfo.
It is noteworthy that for a differentiable function f , we have
(2.17) lim
q→1
∆α,qf = lim
q→1
∆+α,qf = Λα+ 1
2
f,
where Λν is the classical Dunkl operator defined by
(2.18) Λνf(x) = f
′(x) +
ν
x
[f(x)− f(−x)] .
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2.4. The q-Dunkl transform. We shall need the Jackson q-integral defined by (see
[12, 14]). ∫ ∞
−∞
f(x)dqx = (1− q)
∞∑
n=−∞
qnf(qn) + (1− q)
∞∑
n=−∞
qnf(−qn).
For p ≥ 1, we denote by Lpα,q(Rq) the space of complex-valued functions f on Rq such that
‖f‖q,p =
(∫ ∞
−∞
|f(x)|p|x|2α+1dqx
) 1
p
<∞.
The generalized q-exponential function ψα,qλ (x) defined in (2.8) gives rise to a q-integral
transform, called the q-Dunkl transform on the real line, which was introduced in [4] as
Fα,qD (f)(λ) = Kα
∫ +∞
−∞
f(x)ψα,q−λ(x)|x|2α+1dqx, f ∈ L1α,q(Rq),
where
Kα =
(1− q)α (q2α+2; q2)∞
2 (q2; q2)∞
.
It satisfies the following Plancheral theorem :
Theorem 2.1. Fα,qD is an isometric isomorphism of L2α,q(Rq) and for f ∈ L2α,q(Rq), we
have
(2.19) ‖Fα,qD (f)‖q,2 = ‖f‖q,2
and the following inversion formula
(2.20) f(x) = Kα
∫ +∞
−∞
Fα,qD f(λ)ψα,qx (λ)|λ|2α+1dqλ, ∀x ∈ Rq.
2.5. The generalized discrete q-Hermite II polynomials. The generalized discrete
q-Hermite II polynomials {h˜n,α(x; q)}∞n=0 are defined by (see [13])
(2.21) h˜n,α(x; q) := (q; q)n
[n
2
]∑
k=0
(−1)kq−2nkqk(2k+1)xn−2k
(q2; q2)k(q; q)n−2k,α
.
They have the following properties:
• Generating function:
(2.22) eq2(−z2)Eq,α(xz) =
∞∑
n=0
q
n(n−1)
2
(q; q)n
h˜n,α(x; q)z
n.
• Inversion formula:
(2.23) xn = (q; q)n,α
[n
2
]∑
k=0
q−2nk+3k
2
h˜n−2k,α(x; q)
(q2; q2)k(q; q)n−2k
.
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• Forward shift operator:
(2.24) h˜n,α(q
−1x; q)− q(2α+1)θn+1 h˜n,α(x; q) = q−n(1− qn)xh˜n−1,α(x; q),
where θn is defined to be 0 if n is odd and 1 if n is even.
• Backward shift operator:
(2.25)
h˜n,α(x; q)− q(2α+1)θn+1(1 + q−2α−1x2)h˜n,α(qx; q) = −qn 1− q
−n−1−(2α+1)θn
1− q−n−1 xh˜n+1,α(x; q).
• Orthogonality relation:
(2.26)
∫ ∞
−∞
h˜n,α(x; q)h˜m,α(x; q)ωα(x; q)|x|2α+1dqx = d−2n,αδn,m,
where
(2.27) ωα(x; q) = eq2(−q−2α−1x2)
and
(2.28) dn,α = cαq
n2
2
(q; q)
1
2
n,α
(q; q)n
, cα =
√
(−q−2α−1,−q2α+3, q2α+2; q2)∞
2(1− q)(−q,−q, q2; q2)∞ .
3. The Calogero-Vasiliev Oscillator and q-deformation
3.1. The Calogero-Vasiliev Oscillator. The Calogero-Vasiliev oscillator algebra [16,
17] ( also called the deformed Heisenberg algebra with reflection [8]) is generated by the
operators {I, a, a+, N,K} subject to the Hermiticity conditions
(3.1) (a+)∗ = a, N∗ = N, K∗ = K−1
and it satisfies the relations
(3.2) [a, a+] = I + 2νK, ν ∈ R, 2ν + 1 > 0, K2 = I,
(3.3) [N, a] = −a, [N, a+] = a+, [N,K] = 0,
where [A,B] = AB − BA. The operators a−, a+ and N generalize the annihilation,
creation and number operators related to the classical harmonic oscillator.
This oscillator, as it has been shown by Macfarlane in [16], also describes a parabose
oscillator of order p = 2ν+1. In particular, it is linked to two-particle Calogero model [17]
and Bose-like oscillator [19]. This algebra has a basic one-dimensional explicit realization
in terms of difference-differential operators
(3.4) Aν =
1√
2
(Λν + xI), A
+
ν =
1√
2
(Λν − xI),
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where I is the identity mapping and Λν is the Dunkl operator defined by (2.18). The
Hamiltonian is expressed as
H =
1
2
{
Aν , A
+
ν
}
=
1
2
(−Λ2ν + x2I),
where {A,B} = AB + BA. The eigenvalues of H are n + 1
2
+ ν and the corresponding
eigenvectors φνn(x), which are the generalized Hermite functions introduced by Rosenblum
in [19] as
(3.5) φνn(x) =
(
γν(n)
Γ(ν + 1
2
)
) 1
2
exp(−x
2
2
)
Hνn(x)
2
n
2 n!
,
where γν is the generalized factorial
γν(n) =
2n
[
n
2
]
!Γ
(
ν +
[
n+1
2
]
+ 1
2
)
Γ
(
ν + 1
2
)
and Hνn(x) is the generalized Hermite polynomials.
Hνn(x) := n!
[n
2
]∑
k=0
(−1)k(2x)n−2k
k!γν(n− 2k) .
{φνn(x)}n∈N is a complete orthonormal set in the Hilbert space L2ν(R) of Lebesgue measur-
able functions f on R with
||f ||ν :=
(∫ ∞
−∞
|f(x)|2|x|2νdx
) 1
2
<∞,
on which the conjugation relations (3.1) are satisfied. Let Sν be the space spanned by
the generalized Hermite functions {φνn(x)}∞n=0. The operators Aν , A+ν and N act on Sν as
follows
(3.6)
A+ν φ
ν
2n(x) =
√
2n+ 2ν + 1φν2n+1(x),
A+ν φ
ν
2n+1(x) =
√
2n+ 2φν2n+2(x),
Nφνn(x) = nφ
ν
n(x).
The number operator N is given explicitly in terms of the creation and annihilation oper-
ators by
N =
1
2
{
Aν , A
+
ν
}− 2ν + 1
2
.
K is realized in terms of the N operator K = (−1)N . Obviously, the operators Aν , A+ν ,
N and K satisfy the commutation relations (3.2) and (3.3) on Sν .
It is well known that in one dimension the two-particle Calogero system realizes an irre-
ducible representations of Lie algebra su(1, 1) [18]. Then one can easily verify that the
operators
K+ =
1
2
(A+ν )
2, K− = −1
2
A2ν , and K0 = {Aν , A+ν }/4
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satisfy the commutation relations
[K+, K−] = −2K0, [K0, K±] = ±K±, on Sν.
Thus, K0, K+ and K− are the generators of Lie algebra su(1, 1). The representations are
characterized by eigenvalues of the Casimir operator given by
C = K20 + {K+, K−}/2,
which commutes with K0 and K±. It follows from (3.6) that C takes the value
−3/16 + ν(ν ± 1)
throughout the even and odd subspaces of Sν . Thus S
±
ν carry out unitary irreducible
representations of su(1, 1) with distinct eigenvalues of the Casimir operator C.
3.2. The q-deformed Calogero-Vasiliev oscillator. The q-deformed Calogero-Vasiliev
oscillator algebra is defined as the associative initial algebra generated by the operators
{b, b+, N}, which satisfy the relations
(3.7) [N, b] = −b, [N, b+] = b+, (b+)∗ = b, N∗ = N,
(3.8) bb+ − q±(1+2νK)b+b = [1 + 2νK]q q∓(N+ν−νK),
where [x]q =
qx − q−x
q − q−1 is an alternative definition of q-numbers and K = (−1)
N .
The Fock representation of this q-oscillator algebra is constructed on a Hilbert space H
with the orthonormal basis {en}∞n=0. The operators b, b+, and N act on the subspace Sqν
spanned by the basis vectors en according to the formulas (see [16, 17, 20])
(3.9)
b+e2n =
√
[2n+ 2ν + 1]qe2n+1, n = 0, 1, 2, ...,
b+e2n−1 =
√
[2n]qe2n, n = 1, 2, ...,
Nen = nen, n = 0, 1, 2, ....
It follows from ( 3.9) that we have the following equalities
(3.10) bb+ = [N + 1 + ν(1 +K)]q , b
+b = [N + ν(1 −K)]q on Sqν.
The operators b, b+ and N directly lead to the realisation of the quantum algebra suq(1, 1)
with the generators (see [15, 16, 17])
K+ = β(b
+)2, K− = βb
2, K0 =
1
2
(N + ν +
1
2
), β = ([2]q)
−1 .
They satisfy the commutation relations
[K0, K±] = ±K±, [K−, K+] = [2K0]q2 on Sqν
and the conjugation relations
(K0)
∗ = K0, (K+)
∗ = K−.
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The Casimir operator C, which by definition commutes with the generators K± and K0 is
C =
[
K0 − 1
2
]2
q2
−K+K−.
The action of the operator C on the vectors en is given by the formulas
Ce2n =
[
2ν − 1
4
]2
q2
e2n, Ce2n+1 =
[
2ν + 1
4
]2
q2
e2n+1.
In the space Sqν the Casimir operator C has two eigenvalues
[
2ν ∓ 1
4
]2
q2
, with eigenvectors
in the subspaces S±qν formed by the even and odd basis vectors en, respectively. Thus Sqν
splits into the direct sum of two suq(1, 1)-irreducible subspaces S
+
qν and S
−
qν .
In particular Macfarlane in [17] has explored the links between the q-Deformed Calogero-
Vasiliev Oscillator and the q-analogue of the parabose oscillator of order p = 2ν+1 studied
in [11].
4. Realization of the q-deformed Calogero-Vasiliev oscillator
In this section we discuss an explicit realization of one-dimensional q-deformed Calogero-
Vasiliev oscillator algebra. We give an explicit expression of the representation operators
b, b+ and N defined in the previous subsection in terms of q-difference operators. It is
known that such representation can be realized on a Hilbert space, on which all these
operators are supposed to be well defined and the conjugation relations in (3.7) hold.
For this purpose we take, as Hilbert space, the space L2q,α(Rq), equipped with the scalar
product
(ψ1, ψ2) =
∫ ∞
−∞
ψ1(x)ψ2(x)|x|2α+1dqx.
We, now, construct a convenient orthonormal basis of L2q,α(Rq) consisting of the (q, α)-
deformed Hermite functions defined by
(4.1) φαn(x; q) = dn,α
√
ωα(x; q)h˜n,α(x; q),
where h˜n,α(x; q), ωα(x; q) and dn,α are given by (2.21), (2.27) and (2.28), respectively.
Proposition 4.1. {φαn(x; q)}∞n=0 is a complete orthonormal set in L2q,α(Rq).
Proof:
The (discrete) orthogonality relation (2.26) for h˜n,α(x; q) can be written as∫ ∞
−∞
φαn(x; q)φ
α
m(x; q)|x|2α+1dqx = δn,m.
Thus {φαn(x; q)}∞n=0 is an orthonormal set in L2q,α(Rq). Let us prove that it is complete.
Suppose that there exists f ∈ L2q,α(Rq) orthogonal to all φαn(x; q), that is∫ ∞
−∞
φαn(x; q)f(x)|x|2α+1dqx = 0, for all n ∈ N.
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By using the inverse formula (2.23), we obtain∫ ∞
−∞
√
ωα(x; q)x
nf(x)|x|2α+1dqx = 0, for all n ∈ N.
So,
Fα,qD (
√
ωα(.; q)f)(λ) = Kα
∫ +∞
−∞
√
ωα(x; q)f(x)ψ
α,q
−λ(x)|x|2α+1dqx,
= Kα
∞∑
n=0
bn(−iλ; q2)
∫ ∞
−∞
√
ωα(x; q)x
nf(x)|x|2α+1dqx
= 0.
But, since f ∈ L2q,α(Rq) and ωα(.; q) is bounded on Rq, we deduce that
√
ωα(.; q)f ∈
L2q,α(Rq) and from the Plancheral theorem, we get f = 0. 
We denote by δq the q-dilatation operator in the variable x, defined by δqf(x) = f(qx),
and the operator of multiplication by a function g will be denoted also by g.
Let Sqα be the finite linear span of (q, α)-deformed Hermite functions φ
α
n(x; q). From
the forward and backward shift operators (2.24) and (2.25), we define the operators a and
a+ on Sqα in a 2× 2 matrix form by
(4.2) af =
q
1
2√
1− qx
(
δq−1
√
1 + q−2α−1x2 − 1 0
0 δq−1
√
1 + q−2α−1x2 − q2α+1
)(
fe
fo
)
(4.3) a+f =
q2α+
3
2√
1− qx
(√
1 + q−2α−1x2δq − 1 0
0
√
1 + q−2α−1x2δq − q−2α−1
)(
fe
fo
)
where fe and fo are respectively the even and the odd parts of f ∈ Sqα.
The reader may verify that these operators are indeed mutually adjoint in the Hilbert
space L2q,α(Rq).
The action of the operators a and a+ on the basis {φαn(x; q)}∞n=0 of L2q,α(Rq) leads to the
explicit results:
Proposition 4.2.
aφα0 (x; q) = 0,(4.4)
aφαn(x; q) =
√
JnKq,αφ
α
n−1(x; q), n ≥ 1,(4.5)
a+φαn(x; q) =
√
Jn+ 1Kq,αφ
α
n+1(x; q),(4.6)
φαn(x; q) = (n!q,α)
− 1
2a+nφα0 (x; q),(4.7)
where JnKq,α is defined by (2.1).
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Proof:
(4.4) is an immediate consequence of the definition (4.1). (4.5) and (4.6) follow from the
forward and backward shift operators (2.24) and (2.25) and from the fact that
dn,α =
qn−
1
2
√
JnKq,α√
1− q JnKq
dn−1,α.
(4.7) is a consequence of (4.6). 
From (4.5) and (4.6), one deduces that
(4.8) a+aφαn(x; q) = JnKq,α φ
α
n(x; q)
and
(4.9) aa+φαn(x; q) = Jn+ 1Kq,α φ
α
n(x; q).
The number operator N is defined in this case by the relations
(4.10) a+a = JNKq,α , aa
+ = JN + 1Kq,α on Sqα.
The formulas (4.10) can be inverted to determine an explicit expression of the operator N
as follows
(4.11) N :=
1
2 log q
log
[
1− (1− q)aa+]+ 1
2 log q
log
[
1− (1− q)a+a]− α− 1.
From (4.8), (4.9) and (4.11), we obtain
(4.12) Nφαn(x; q) = nφ
α
n(x; q)
and
(4.13) [N, a] = −a, [N, a+] = a+ on Sqα.
Now, we shall construct explicitly the generators b and b+ of the q
1
2 -deformed Calogero-
Vasiliev algebra defined in the previous subsection by means of the operators a and a+ in
the following way
b = q−
N+(K+1)(α+12 )
4 a, b+ = a+q−
N+(K+1)(α+12 )
4 , K = (−1)N .
Using the relation
[x]
q
1
2
= q−
x−1
2 JxKq,
one easily verifies that the actions of operators b and b+ on the basis {φνn(x; q)}∞n=0 are
given by
(4.14)
bφα0 (x; q) = 0,
bφαn(x; q) =
√
[n]
q
1
2 ,α
φαn−1(x; q), n ≥ 1,
b+φαn(x; q) =
√
[n+ 1]
q
1
2 ,α
φαn+1(x; q),
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where
[2n]
q
1
2 ,α
= [2n]
q
1
2
and [2n+ 1]
q
1
2 ,α
= [2n+ 2α+ 2]
q
1
2
.
From (4.14), the basis vectors φαn(x; q) may also be expressed in terms of the operator b
+
and φα0 (x; q) as follows
φαn(x; q) =
1√
[n]!
q
1
2 ,α
(b+)nφα0 (x; q),
where
[n]!
q
1
2 ,α
= [1]
q
1
2 ,α
[2]
q
1
2 ,α
... [n]
q
1
2 ,α
.
From the above facts, we may check that equation (3.7) holds and
(4.15) bb+ = [N + 1 + ν(1 +K)]
q
1
2
, b+b = [N + ν(1−K)]
q
1
2
, ν = α +
1
2
on Sqα.
We deduce from (4.15) that the operators b and b+ satisfy the relations
(4.16) bb+ − q± 1+2νK2 b+b = [1 + 2νK]
q
1
2
q∓
N+ν−νK
2 on Sqα.
This leads to an explicit expressions for the generators {b, b+, N} of the q-deformed
Calogero-Vasiliev Oscillator algebra. The corresponding Hamiltonian is defined from b
and b+ according to
(4.17) H =
1
2
{
b, b+
}
.
The functions φαn(x; q) are eigenfunctions of this Hamiltonian with eigenvalues
Eqα(n) =
1
2
(
[n]
q
1
2 ,α
+ [n+ 1]
q
1
2 ,α
)
.
Thus, we recover in the limit q → 1 the eigenvalues of the Hamiltonian of the Calogero-
Vasiliev oscillator.
In the same manner, as in the case of su(1, 1), by virtue of the results of the previous
subsection, we construct an explicit realization of the operators B−, B+ and B0 generators
of the quantum algebra su
q
1
2
(1, 1) in terms of the oscillation operators b, b+ and N by
setting
B+ = γ(b
+)2, B− = γb
2, B0 =
1
2
(N + α + 1), γ = ([2]
q
1
2
)−1.
From (4.14), we derive the actions of these operators on the basis {φνn(x; q)}∞n=0
(4.18)
B0φ
α
n(x; q) =
1
2
(n+ α + 1)φαn(x; q),
B+φ
α
n(x; q) = γ
√
[n+ 2]
q
1
2 ,α
[n + 1]
q
1
2 ,α
φαn+2(x; q),
B−φ
α
n(x; q) = γ
√
[n]
q
1
2 ,α
[n− 1]
q
1
2 ,α
φαn−2(x; q), n ≥ 1.
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It follows that
(4.19)
B−B+φ
α
2n(x; q) = γ
2 [2n+ 2]
q
1
2
[2n + 2α+ 2]
q
1
2
φα2n(x; q),
B−B+φ
α
2n+1(x; q) = γ
2 [2n+ 2]
q
1
2
[2n + 2α+ 4]
q
1
2
φα2n+1(x; q),
B+B−φ
α
2n(x; q) = γ
2 [2n]
q
1
2
[2n+ 2α]
q
1
2
φα2n(x; q),
B+B−φ
α
2n+1(x; q) = γ
2 [2n]
q
1
2
[2n+ 2α+ 2]
q
1
2
φα2n+1(x; q).
Using the following identity (see [5] p.58)
(4.20) [x]q [y − z]q + [y]q [z − x]q + [z]q [x− y]q = 0,
with x = 2n + 2, y = −2n − 2α, z = 2 and with x = 2n + 2, y = −2n − 2α − 2, z = 2
respectively, we obtain
[2n + 2]
q
1
2
[2n+ 2α + 2]
q
1
2
− [2n]
q
1
2
[2n+ 2α]
q
1
2
= [2]
q
1
2
[4n+ 2α + 2]
q
1
2
,
[2n+ 2]
q
1
2
[2n+ 2α + 4]
q
1
2
− [2n]
q
1
2
[2n+ 2α+ 2]
q
1
2
= [2]
q
1
2
[4n+ 2α+ 4]
q
1
2
.
By the identity [2x]
q
1
2
= [2]
q
1
2
[x]q, we obtain
[4n+ 2α+ 2]
q
1
2
= [2]
q
1
2
[2n+ α + 1]q ,
[4n+ 2α+ 4]
q
1
2
= [2]
q
1
2
[2n+ α + 2]q ,
from which follows the following commutation relations
[B0,±B] = ±B±, [B−, B+] = [2B0]q on Sqα
and the conjugation relations
B∗0 = B0, B
∗
+ = B− on Sqα.
We conclude an explicit realization of generators B0, B− and B+ of the quantum algebra
su
q
1
2
(1, 1).
To analyze the irreducible representations of su
q
1
2
(1, 1) algebra, we need the invariant
Casimir operator C, which in this case has the form:
C =
[
B0 − 1
2
]2
q
−B+B−.
From (4.18) and (4.19) we obtain the action of this operator on the basis {φαn(x; q)}∞n=0
Cφα2n(x; q) =
([
n+
α
2
]2
q
− [n]q [n+ α]q
)
φα2n(x; q),
Cφα2n+1(x; q) =
([
n+
α + 1
2
]2
q
− [n]q [n + α + 1]q
)
φα2n+1(x; q).
Using (4.20) with x = n+
α
2
, y = n, z = −α
2
and with x = n+
α + 1
2
, y = n, z = −α + 1
2
respectively, we deduce [
n+
α
2
]2
q
− [n]q [n + α]q =
[α
2
]2
q
,
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n+
α + 1
2
]2
q
− [n]q [n+ α + 1]q =
[
α+ 1
2
]2
q
.
Then, the Casimir operator C has two eigenvalues
[
2α + 1∓ 1
4
]2
q
in the subspaces S±qα
formed by the even and odd basis vectors {φαn(x; q)}∞n=0, respectively. Thus Sqα splits into
the direct sum of two su
q
1
2
(1, 1)-irreducible subspaces S+qα and S
−
qα.
In particular Macfarlane in [17] showed that this oscillator realises the q-deformed parabose
oscillator of order p = 2ν + 1 studied in [11].
Hence we derive an explicit realizations of the annihilation and creation operators of
q-deformed parabose oscillator in terms of q-difference operators.
4.1. The q-coherent states. The normalized q-coherent state ϕζ(x; q) related to the q-
deformed Calogero-Vasiliev oscillator is defined as the eigenfunction of the annihilation
operator a with eigenvalue ζ ∈ C,
(4.21) aϕζ(x; q) = ζϕζ(x; q) on Sqα.
Theorem 4.1. The q-coherent states are of the form
(4.22) ϕζ(x; q) =
cα
√
ωα(x; q)√
eq,α(−(1− q)ζ2)
eq2(−q(1− q)ζ2)Eq,α(q 12 (1− q) 12xζ),
where cα is given in (2.28).
Proof:
By expressing ϕζ(x; q) in terms of the wave functions φ
α
n(x; q), we get
(4.23) ϕζ(x; q) =
+∞∑
n=0
fn,α(q)φ
α
n(x; q).
From the eigenvalue equations (4.4) and (4.5), we can write
(4.24) aϕζ(x; q) =
+∞∑
n=1
fn,α(q)
√
JnKq,αφ
α
n−1(x; q).
Replace ϕζ(x; q) by the series (4.23) in (4.21) and equate the coefficients of φ
α
n(x; q) on
both sides to get
fn+1,α(q)
√
Jn + 1Kq,α = ζfn,α(q).
By iterating the last relation, we get since f0,α(q) = C0 = C0(ζ), the relations
f1,α(q) =
C0ζ√
J1Kq,α
, f2,α(q) =
C0ζ
2√
2!q,α
, ... , fn,α(q) =
C0ζ
n√
n!q,α
,
which, inserted into the expansion (4.23), give
ϕζ(x; q) = C0(ζ)
+∞∑
n=0
ζn√
n!q,α
φαn(x; q).
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Now, for ζ, ζ ′ ∈ C, we have the scalar product∫ +∞
−∞
ϕζ(x; q)ϕζ′(x; q)|x|2α+1dqx
= C0(ζ)C0(ζ
′)
+∞∑
n,k=0
ζnζ ′k√
n!q,α
√
k!q,α
∫ +∞
−∞
φαn(x; q)φ
α
k (x; q)|x|2α+1dqx.
But, the orthogonality relation (2.26 ) implies that∫ +∞
−∞
ϕζ(x; q)ϕζ′(x; q)|x|2α+1dqx = C0(ζ)C0(ζ ′)
+∞∑
n=0
ζnζ ′n
n!q,α
.
By the relation (2.7), we get∫ +∞
−∞
ϕζ(x; q)ϕζ′(x; q)|x|2α+1dqx = C0(ζ)C0(ζ ′)eq,α(−(1− q)ζζ ′).
The normalized condition requires to choose C0(ζ) =
1√
eq,α(−(1 − q)ζ2)
.
So, we can write
ϕζ(x; q) =
1√
eq,α(−(1− q)ζ2)
+∞∑
n=0
ζn√
n!q,α
φαn(x; q).
From the relations (4.1 ) and (2.28), we obtain
ϕζ(x; q) =
√
ωα(x; q)√
eq,α(−(1− q)ζ2)
+∞∑
n=0
ζn√
n!q,α
cαq
n2
2
(q; q)
1
2
n,α
(q; q)n
h˜n,α(x; q),
which can be rewritten as
ϕζ(x; q) =
cα
√
ωα(x; q)√
eq,α(−(1− q)ζ2)
+∞∑
n=0
q
n(n−1)
2
(
q
1
2 (1− q) 12 ζ
)n
(q; q)n
h˜n,α(x; q).
So, from the generating function (2.22 ) for the polynomials h˜n,α(x; q), we get the explicit
form of the normalized q-coherent state (4.22). 
4.2. Limit to the Calogero oscillator.
Lemma 4.1.
(4.25) lim
q→1−
(1− q2)α+12 φαn(
√
1− q2x; q) = φα+
1
2
n (x),
where φµn is the Rosenblum’s Hermite function defined by formula (3.5).
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Proof:
We have
lim
q→1−
h˜n,α(
√
1− q2x; q)
(1− q2)n2 =
H
α+ 1
2
n (x)
2n
,
where H
α+ 1
2
n (x) is the Rosenblum’s Hermite polynomials.
(4.26) lim
q→1−
ωα(
√
1− q2x; q) = exp(−x2).
lim
q→1−
dn,α(1− q2)n2 = lim
q→1−
cα lim
q→1−
q
n2
2
(q; q)
1
2
n,α
(q; q)n
(1− q2)n2
= 2
n
2
√
γα+ 1
2
(n)
n!
lim
q→1−
cα.
We have the limits (see [1] Theorem 10.2.4)
lim
q→1−
(−q−2α−1; q2)∞
(−q; q2)∞ = 2
α+1
lim
q→1−
(−q2α+3; q2)∞
(−q; q2)∞ = 2
−α−1
lim
q→1−
(q2α+2; q2)∞(1− q2)α
(q2; q2)∞
= lim
q→1−
1
Γq2(α + 1)
=
1
Γ(α+ 1)
.
Then,
lim
q→1−
(1− q2)α+12 cα = 1√
Γ(α + 1)
(4.27) lim
q→1−
(1− q2)α+12 dn,αh˜n,α(
√
1− q2x; q) =
(
γα+ 1
2
(n)
Γ(α+ 1)
) 1
2
H
α+ 1
2
n (x)
2
n
2 n!
lim
q→1−
(1− q2)α+12 φαn(
√
1− q2x; q) =
(
γα+ 1
2
(n)
Γ(α + 1)
) 1
2
exp(−x
2
2
)
H
α+ 1
2
n (x)
2
n
2 n!
= φ
α+ 1
2
n (x).

In the limit as q → 1− the q-Calogero-Vasiliev oscillator reduces to the Calogero oscillator.
To show this, one first verifies easily that
aφαn(x; q) =
√
q(1− q)ωα(x; q)∆+α,q
(
dn,αh˜n,α(.; q)
)
(x),
where ∆+α,q is given by (2.15). One rescales x→
√
1− q2x, we get
aφαn(
√
1− q2x; q) =
√
qωα(
√
1− q2x; q)
√
1 + q
∆+α,q
(
dn,αh˜n,α(
√
1− q2x; q)
)
.
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Using the limits (4.26), (4.27 ) and (2.17), we find that
lim
q→1−
(1− q2)α+12 aφαn(
√
1− q2x; q) = exp(−
x2
2
)√
2
Λα+ 1
2

 γ
1
2
α+ 1
2
(n)
Γ
1
2 (α + 1)2
n
2 n!
H
α+ 1
2
n (x)

 .
By definition of the Rosenblum’s Hermite function φµn (3.5) and the properties of the Dunkl
operator Λα, we have
lim
q→1−
(1− q2)α+12 aφαn(
√
1− q2x; q) = 1√
2
(Λα+ 1
2
+ xI)φ
α+ 1
2
n (x),
where I is the identity operator. In the same way, we can write
a+φαn(x; q) =
√
q(1− q)ωα(x; q)dn,α
(
−Hα,q∆α,q + x
1− qδq
)
h˜n,α(x; q),
where ∆α,q is the operator (2.14) and
Hα,q : f = fe + fo 7−→ fe + q2α+1fo.
Hence, we get
a+φαn(
√
1− q2x; q) =
√
qωα(
√
1− q2x; q)dn,α
(
− 1√
1 + q
Hα,q∆α,q +
√
1 + qxδq
)
h˜n,α(
√
1− q2x; q).
By (4.26), (4.27 ) and (2.17), we obtain
lim
q→1−
(1− q2)α+12 a+φαn(
√
1− q2x; q) = exp(−x
2
2
)
[
− 1√
2
Λα+ 1
2
+
√
2xI
] γ
1
2
α+ 1
2
(n)
Γ
1
2 (α + 1)2
n
2 n!
H
α+ 1
2
n (x)


=
1√
2
(−Λα+ 1
2
+ xI)φ
α+ 1
2
n (x)
Note that if we replace α +
1
2
by ν we obtain the annihilation and creation operators of
one-dimensional two-particle Calogero oscillator given by (3.4).
References
[1] G. E. Andrews, R. Askey and R. Roy, Special functions, Volume 71 of Encyclopedia of Mathematics
and its Applications Sciences, Cambridge University Press, Cambridge, 1999.
[2] Atakishiyev, Natig M.; Frank, Alejandro; Wolf, Kurt Bernardo, A simple difference realization of
the Heisenberg q-algebra Journal of Mathematical Physics, Volume 35, Issue 7, pp.3253-3260 (1994).
[3] M. N. Atakishiyev, N. M. Atakishiyev and A. U. Klimyk On suq(1, 1)-models of quantum oscillator,
Journal of Mathematical Physics, 47, 093502 (2006).
[4] N. Bettaibi and R. Bettaieb, q-Analogue of the Dunkl Transform on the Real Line, Tamsui Oxford
Journal of Mathematical Sciences 25(2), 178-206 (2009).
[5] L.C. Biedenharn and M.A. Lohe, Quantum Group Symmetry and Q-Tensor Algebras, World Scien-
tific, Singapore, (1995).
[6] V. V. Borzov, E. V. Damaskinsky, Article: Generalized Coherent States for the q-Oscillator Associ-
ated with Discrete q-Hermite Polynomials, Journal of Mathematical Sciences, 132(1):26-36 (2005).
18 KAMEL MEZLINI
[7] L. Brink, T.H. Hansson, and M. A. Vasiliev , Explicit solution to the N body Calogero problem, Phys.
Lett. B286 109-111, (1992).
[8] Brink L., Hansson T.H., Konstein S., and Vasiliev M.A., The Calogero model: anyonic presentations,
fermionic extension and supersymmetry. Nuclear Physics B, 401:591-612 (1993)
[9] A. De Sole and V. G. Kac, On integral representations of a q-gamma and a q-beta functions, Atti
Accad. Naz. Lincei CI. Sci. Fis. Mat. Natur. Rend. Lincei(9) Mat. App., 16, 11-29 (2005).
[10] V. G. Drinfel’d, , Quantum groups, in Proceedings of the International Congress of Mathematlcians,
Berkeley (1986), Vol. 1, Amer. Math. Soc., 1987, pp. 798-820.
[11] R.Floreanini and L.Vinet, q-analogues of the parabose and parafermi oscillators and representations
of quantum algebras, J. Phys. A: Math. Gen. 23: L1019-L1023 (1990).
[12] G. Gasper, M. Rahmen, Basic Hypergeometric Series, Encyclopedia of Mathematics and its applica-
tion. Vol, 35, Cambridge Univ. Press, Cambridge, UK (1990).
[13] M. Jazmati, K. Mezlini and N. Bettaibi, Generalized q-Hermite Polynomials and the q-Dunkl Heat
Equation, Bulletin of Mathematical Analysis and Applications. 6(4), 16-43 (2014).
[14] V. G. Kac, P. Cheung, Quantum Calculs, Universitext, Springer-Verlag, New York (2002).
[15] P. P. Kulish and E. V. Damaskinsky.On the q-oscillator and the quantum algebra suq(1, 1). J. Phys.A:
Math. Gen., 23, No.9, pp.L415-L419, (1990).
[16] Macfarlane A.J., Algebraic structure of parabose Fock space. I. The Greens ansatz revisited , Journal
of Mathematical Physics 35, 1054-1065 (1994).
[17] Macfarlane A.J., Generalised oscillator systems and their parabosonic interpretation, in Proc. Inter.
Workshop on Symmetry Methods in Physics, Editors A.N. Sissakian, G.S. Pogosyan and S.I. Vinitsky,
JINR, Dubna, 1994, 319-325.
[18] Perelemov A., Generalized Coherent States and Their Applications. Springer, Berlin (1986).
[19] M. Rosenblum, Generalized Hermite polynomials and the Bose-like oscillator calculus, In: Operator
theory: Advances and Applications, Vol. 73, Basel: Birkha¨user Verlag 369-396 (1994).
[20] Klimyk A., Schu¨dgen K., Quantum groups and their representations, Berlin, Springer, (1997).
Kamel Mezlini.University of Carthage, High Institute of Applied Sciences and Tech-
nologies of Mateur, 7030, Tunisia.
E-mail address : kamel.mezlini@lamsin.rnu.tn
E-mail address : kamel.mezlini@yahoo.fr
